ABSTRACT. The automorphism group of the generalized Fermat F k,n curves is studied. We use tools from the theory of complete projective intersections in order to prove that every automorphism of the curve can be extended to an automorphism of the ambient projective space. In particular if k − 1 is not a power of the characteristic, then a conjecture of of Y. Fuertes, G. González-Diez, R. Hidalgo, M. Leyton is proved.
INTRODUCTION
In this article K is an algebraically closed field of characteristic p, and k is a natural number with (p, k) = 1. Let us consider the generalized Fermat curves F k,n given by the n − 1 equations This curve can be considered as a ramified Galois cover F k,n → P 1 with branched points the set {0, 1, ∞, λ 1 , . . . , λ n−2 }. Moreover the Galois group Gal(F n.k /P 1 ) = H is isomorphic to a direct product H ∼ = (Z/kZ) n . Using the Riemann-Hurwitz formula we can compute the genus g k,n of the curve F k,n : (3) g k,n = 1 2 2 + k n−1 (n − 1)(k − 1) − 2 .
Originally these curves where introduced by G. González-Diez, R. Hidalgo, M. Leyton [5] as orbifolds with signature (0, n + 1; k, . . . , k). They only considered the case of Riemann surfaces but we will extend our study to more general field K as defined above. Studying the automorphism groups of F k,n is a difficult question. For n = 2 the generalized Fermat curves are the ordinary Fermat curves. Their automorphism groups over algebraically closed fields of characteristic p ∤ k were studied by P. Tzermias [11] in characteristic 0 and H. Leopoldt [10] in positive characteristic.
In [4] Y. Fuertes, G. González-Diez, R. Hidalgo, M. Leyton studied the F k,3 case and conjectured that the Galois group H = Gal(F k,n /P 1 ) is normal in the whole automorphism group. Aim of this article is to prove their conjecture. Notice that G. González-Diez, R. Hidalgo, M. Leyton prove [5, Cor. 9 ] that every automorphism which normalizes H is linear i.e. a subgroup PGL(n + 1, C). We will essentially prove that every automorphism of F k,n is linear. Our main result is:
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• If k − 1 is not a power of the characteristic then Aut(F k,n ) consists of matrices such that only an element in each row and column is non-zero.
h is a power of the characteristic, then the group of automorphism consists of elements A = (a ij ) such that
, where Σ i are certain (n + 1) × (n + 1) matrices, defined in eq. (11) .
If k − 1 is not a a power of the characteristic, then the group
n is a normal subgroup of the full automorphism group Aut(F k,n ). In this case we have the short exact sequence:
where G 0 is the subgroup of PGL(2, K) = Aut(P 1 ) which leaves invariant the set of branch points {0, 1, ∞, λ 1 , . . . , λ n−2 }.
The curves F k,n can be studied in terms of a variety of tools: as Kummer extensions of the rational function field, as quotient of the hyperbolic plane etc. In this article we see them as complete intersections in a projective space defined by the set of equations given in eq. (1) . Recall that a closed subscheme Y of P s is called a (strict) complete intersection, if the homogeneous ideal in K[x 1 , . . . , x n+1 ] can be generated by codim(Y, P s ) elements. For curves F k,n defined over fields of positive characteristic the automorphism group is different than the generic picture only if k − 1 is a power of the characteristic. This is an expected phenomenon, seen also in the case of the Fermat curves
2 ) as automorphism group, see [10] . Essentially this happens since raising to a p-power is linear and the Fermat curve behaves like a quadratic form.
Our interest for the generalized curves started by studying the work of Y. Ihara [8] on Braid representations of the absolute Galois groups. By Belyi theorem he considered covers of the projective line ramified above {0, 1, ∞} and the Fermat curve and its arithmetic emerged naturally. If one tries to generalise to the more general n + 1-ramified covers the generalised Fermat curves and their arithmetic emerged in a similar way. This will be the object of an other article.
COMPLETE INTERSECTIONS AND LINEAR AUTOMORPHISMS
We begin our study by Proof. The curve is given as the intersection of n−1 hypersurfaces
for i = 0, . . . , n − 2. We consider the matrix of ∇f i written as rows, where we write only the first n + 1-coordinates and omit the last ℓ coordinates (which are zero anyway):
By the defining equations of the curve (variety if ℓ > 0) we see that a point which has two variables x i = x j = 0 for i = j and 1 ≤ i, j ≤ n + 1 has also x t = 0 for t = 1, . . . , n + 1. Therefore the above matrix has the maximal rank n − 1 at all points of the curve. For the ℓ = 0 case the defining hypersurfaces are intersecting transversally and the corresponding algebraic curve they define is non singular.
Proposition 3. The ideal defined by equations (1) in P
n+ℓ is prime and corresponds to an irreducible variety which is a complete intersection of dimension 1 + ℓ and of codimension n − 1.
Proof. We will follow the method of [9, sec. 3.2.1]. Observe first that the defining equations {f 0 , . . . , f n−2 } form a regular sequence, and K[x 1 , . . . , x n+1+ℓ ] is a CohenMacauley ring and the ideal I defined by the {f 1 , . . . , f n−2 } is of codimension n − 1. The ideal I is prime by the Jacobian Criterion [3, Th. 18 .15], [9, Th. 3.1] and proposition 2. In remark [9, 3.4] we pointed out that the ideal I is prime if the the singular locus of the algebraic set defined by I has big enough codimension.
Remark 4 (Stable Family). Consider now the polynomial ring R
and consider the ideal J generated by
We consider the localization R of the polynomial ring R 1 with respect to the multiplicative set R 1 − J. The affine scheme SpecR is the space of different points P 1 , . . . , P n+1 , and the family X → SpecR is a stable family of curves since it has non-singular fibers of genus ≥ 2.
By the results of Deligne-Mumford [2, lemma I.12] any automorphism of the generic fibre is also an automorphism of the special fibre. Special fibres have more automorphisms, when the ramified points {0, 1, ∞, λ 1 , . . . , λ n−2 } are in such a configuration, so that a finite automorphism group of PGL(2, K) permutes them.
Proposition 5. Consider a complete intersection
Proof. [7, exer. 8.4 
p. 188]
The curve F k,n is given as complete intersection of n − 1 hypersurfaces of degree k. Therefore, we have the following Corollary 6. The canonical sheaf on the curves F k,n is given by
Of course this is compatible with the genus computation given in eq. (3) since the degree of O F k,n (1) is k n−1 .
Proposition 7.
Let i : X ֒→ P s be a closed projective subvariety, such that the map
is an isomorphism. We can prove that every automorphism is linear in the following way: Every automorphism σ of the curve F k,n should preserve the canonical sheaf so it should preserve O F k,n (n − 1)(k − 1) − 2 . Does it preserve O F k,n (1)? This is certainly true if Pic(F k,n ) has no torsion. In general curves have torsion in their Picard group.
In order to have linear automorphisms we see the generalized Fermat curves as higher dimensional varieties, embedded in P n+ℓ , which are still complete intersections but they have torsion free Picard group, see [1, Th. II.1.8], [6, Exp. XII Cor. 3.7] . So every automorphism they have is linear. In particular every automorphism of the original curve can be extended to a linear automorphism of the higher dimensional "cylinder" at the cost of introducing extra variables. For i = 1, . . . , n + 1 we have:
while for n + 1 < l < n + 1 + ℓ we have:
The following holds true:
i.e. Proof. By applying ∇ to eq. (6) we have for every point on the curve
But f ν (P ) = 0 so we arrive at
which gives rise to
where F is an element in the ideal I. The ideal I is generated by polynomials of degree k, while ∇f i are polynomials of degree k − 1. Therefore,
Now the chain rule implies that
where σ is given by the (n + 1 + ℓ) × (n + 1 + ℓ) matrix A = (a ij ) given in eq. (5). We now rewrite eq. (8) and combine it with eq. (7)
where the third non zero element is at the j + 3 position. For 1 ≤ i ≤ n + 1 let us write
Observe that eq. (9) , while the t-th
n+1+ℓ and set A t,ν = a We now observe that the variables x ν for ν ≥ n + 1 do not appear in all polynomials Y j . Therefore a i,ν = 0 for i ≤ n + 1 and ν > n + 1.
Assume that we have an automorphism of the curve F k,n . This extends to an automorphism of variety defined with the same set of equations and has an expansion as in eq. (5). In general this linear expansion involves the variables x n+1+1 , . . . , x n+1+ℓ . But the above argument shows that (5) Proof. If k − 1 is not a power of the characteristic, then we see that the matrix (a i,j ) can have only one non zero term in each row and column. Indeed, if this was not true, then for some j we have two non-zero terms a j,l1 , a j,l2 . If j ≥ 3, then we work with σ * (Y j−3 ) and for ν such that Proof. The function field of the generalized Fermat curves can be seen as Kummer extension with Galois group H of the rational function field K(X), where
. In order to prove that H is a normal subgroup of the whole automorphism group we have to show that every automorphism of the curve keeps the field K(X) invariant.
Since there is only one non-zero element in each row and column of A the automorphism σ
In the above equation we replace all variables x ν for ν ≥ 3 using the defining equations x
Proposition 12. Assume that k − 1 = p h = q is a power of the characteristic. Denote by
with 1 in the i + 3 position. Then a matrix A ∈ PGL(n + 1, K) corresponding to σ should satisfy
Proof. Assume that k − 1 = p h = q is a power of the characteristic. Then,
Observe that by eq. (7) we have B . . . 
